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• Exam duration.  The exam is scheduled to last 75 minutes. 

• Materials allowed.  You may use books, notes, your laptop/tablet, and a calculator.  

• Disable all networks.  Please disable all network connections on all computer systems. 

You may not access the Internet or other networks during the exam. 

• No AI tools allowed.  As mentioned on the course syllabus, you may not use GPT or other 

AI tools during the exam. 

• Electronics.  Power down phones.  No headphones.  Mute your computer systems. 

• Fully justify your answers. When justifying your answers, reference your source and page 

number as well as quote the content in the source for your justification.  You could 

reference homework solutions, test solutions, etc. 

• Matlab. No question on the test requires you to write or interpret Matlab code.  If you base 

an answer on Matlab code, then please provide the code as part of the justification. 

• Put all work on the test.  All work should be performed on the quiz itself.  If more space 

is needed, then use the backs of the pages. 

• Academic integrity.  By submitting this exam, you affirm that you have not received help 

directly or indirectly on this test from another human except the proctor for the test, and 

that you did not provide help, directly or indirectly, to another student taking this exam. 

 

 

 

Problem Point Value Your score Topic 

1 24  Sinusoidal Signals 

2 28  Fourier Series 

3 24  Sampling and Aliasing 

4 24  Time-Frequency Analysis 

Total 100   

 

 



Problem 1.1 Sinusoidal Signals.  24 points. 

Consider the sinusoidal signal 

𝑥(𝑡) = 𝐴 cos(2 𝜋 𝑓0 𝑡 +  𝜃) with 

• amplitude 𝐴 

• continuous-time frequency f0 in Hz  

• phase 𝜃 in radians  

On the plot of 𝑥(𝑡) on the right, the value of 

𝑥(𝑡) at 𝑡 = 0 is 0.5.  From the plot: 

 

(a) Estimate the amplitude 𝐴.  Explain how you estimated the value of this parameter.  6 points. 

 

 

 

 

 

 

(b) Estimate the continuous-time frequency f0 in Hz.  Explain how you estimated the value of this 

parameter.  6 points. 

 

 

 

 

 

(c) Estimate the phase 𝜃 in radians.  Explain how you estimated the value of this parameter. 

6 points. 

 

 

 

 

 

(d) What is the phase of the signal 𝑥(𝑡 − 0.001)?  Express the phase you’ve computed to be in the 

range [−𝜋, 𝜋].  Please show your intermediate steps.  6 points. 

 

milliseconds 



Problem 1.2.  Fourier Series.  28 points. 

Consider a real-valued signal 𝑥(𝑡) that is periodic with 

fundamental frequency f0 and Fourier series coefficients 𝑎𝑘: 

𝑎𝑘 =
1

𝑇0
∫ 𝑥(𝑡) 𝑒−𝑗2𝜋(𝑘𝑓0)𝑡 𝑑𝑡

𝑇0

0

 

𝑥(𝑡) = ∑ 𝑎𝑘 𝑒𝑗2𝜋(𝑘𝑓0)𝑡

∞

𝑘=−∞

 

The spectrum for 𝑥(𝑡) is plotted on the right. 

Only five Fourier series coefficients 𝑎−2,  𝑎−1,  𝑎0, 𝑎1, 𝑎2 are not zero; all others are zero. 

 

(a) Consider a new signal 𝑦(𝑡) = 𝐴 𝑥(𝑡) where 𝐴 is a non-zero constant. 

i. What is the fundamental period 𝑇𝑦 for 𝑦(𝑡) in terms of 𝑇0?  Why?  3 points. 

 

ii. Derive the Fourier series coefficients 𝑏𝑘 for 𝑦(𝑡) in terms of 𝑎𝑘.  5 points. 

 

 

iii. Draw the spectrum for 𝑦(𝑡).  6 points. 

 

 

 

 

(b) Consider a new signal 𝑣(𝑡) = 𝑥(2 𝑡). 

i. What is the fundamental period 𝑇𝑣 for 𝑣(𝑡) in terms of 𝑇0?  Why?  3 points. 

 

 

ii. Derive the Fourier series coefficients 𝑐𝑘 for 𝑣(𝑡) in terms of 𝑎𝑘.  5 points. 

 

 

 

 

iii. Draw the spectrum for 𝑣(𝑡).  6 points. 

 

 

 



Problem 1.3.  Sampling and Aliasing.  24 points. 

Consider a continuous-time signal that is a sum of two cosine signals observed for −∞ < 𝑡 < ∞ 

𝑥(𝑡) = cos(2 𝜋 𝑓0 𝑡) + cos(2 𝜋 𝑓1 𝑡) 

where 𝑓1 = 10 𝑓0 . After sampling at a sampling rate of 𝑓𝑠 >  2 𝑓0, the discrete-time signal is 

𝑥[𝑛] = cos(𝜔̂0 𝑛) + 1 

where 𝜔̂0 = 2 𝜋 
𝑓0

𝑓𝑠
  and frequency 𝑓0 does not alias; however, the frequency 𝑓1 aliases. 

 

What are all the possible values of 𝑓𝑠 ?  Express your answers for 𝑓𝑠 in terms of 𝑓0 . 

 

 

 

 

 

 

 

 



Problem 1.4.  Mystery Systems.  24 points. 

You’re trying to identify unknown systems. 

You input a cosine signal 𝑥(𝑡) = cos(2𝜋𝑓0𝑡) and look at the output to determine what the system is. 

Use 𝑓0 = 440 Hz. Spectrogram uses sampling rate of 𝑓𝑠 = 8000 Hz and zooms into frequencies near 𝑓0. 

 

 

 

 

 

 

 

 

 
 

(a) A system gives output signal 𝑦(𝑡) when the cosine signal 𝑥(𝑡) is input.  12 points. 

 

 

 

 

 

 

 

 

(b)  Another system gives output signal 𝑦(𝑡) when the cosine signal 𝑥(𝑡) is input.  12 points. 

 

 

 

In each part below, identify the unknown system 

as one of the following with justification: 

1. squaring block:  𝑦(𝑡) = 𝑥2(𝑡) 

2. cubing block:  𝑦(𝑡) = 𝑥3(𝑡) 

3. amplitude modulation: give frequency 𝑓1 to 

produce output 

𝑦(𝑡) = cos(2𝜋𝑓1𝑡) 𝑥(𝑡) 

4. frequency modulation: estimate parameters ∆𝑓 

and 𝑓𝜏 to produce output 

𝑦(𝑡) = cos (2𝜋𝑓0𝑡 +
∆𝑓

𝑓𝜏
cos(2𝜋𝑓𝜏𝑡)) 

 

Spectrogram for 𝑥(𝑡) 

Part (a) Spectrogram for 𝑦(𝑡) 

Part (b) Spectrogram for 𝑦(𝑡) 
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